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Abstract 

A stratified bundle is a fibered space in which strata are classical 
bundles and in which attachment of strata is controlled by a structure 
category J of fibers. Well known results on fibre bundles are shown 
to be true for stratified bundles; namely the pull back theorem, the 
bundle theorem and the principal bundle theorem. 
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1 Introduction 

A stratified bundle is a filtered fibered space X = {Xi,i > 0} for which 
the complements Xi \ Aj_i, termed strata, are fibre bundles. Moreover 
the attachment of strata is controlled by a structure category $ of fibers. 
For example the tangent bundle of a stratified manifold is a stratified vector 
bundle, see |3]. Moreover for a compact smooth C7-manifold M the projection 
M — > M/G to the orbit space is a stratified bundle by results of Davis 
In this paper we prove three basic properties: The pull back theorem 
shows that certain pull backs of stratified bundles are again stratified bundles, 
see |(4. 8)[ The bundle theorem |(5.1)| states that stratified bundles are the 
same as classical fibre bundles in case the structure category is a groupoid. 
Moreover the principal bundle theorem |(6.12)| shows that the function space 
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of admissible maps, X v , is a stratified bundle and the 5 op -diagram V h- > X v 
plays the role of the associated principal bundle, see |(6.17)| In the proofs 
of the results we have to consider the intricate compatibility of quotient 
topology, product topology, and compact-open topology in function spaces. 
As application we study in jlj algebraic constructions on stratified vector 
bundles (like the direct sum, tensor product, exterior product) and we show 
that stratified vector bundles lead to a stratified i^-theory generalizing the 
Atiyah-Hirzebruch .ff -theory. This was the main motivation for the proof of 
the basic properties in this paper. 

The structure of the paper is the following. In section |2] the category 
$-Top of fibre families is introduced. In section El the proper notion of CW- 
complex in $-Top is exploited, and this leads to the definition of stratified 
bundles in section @J In more standard language of stratification theory, the 
stratified bundles here introduced should be called CW-stratified bundles. In 
the same section the pull back theorem (4.8)| is introduced. The proof of this 
theorem, like the proofs of |(5.1)[ |(6.12) and |(6.17)[ is forward-referencing: 
its proof will be complete only in section In section El we introduce the 
bundle theorem (5.1) Its proof will be done in sectionsElandEl The principal 
bundle theorem (6.17)| (and also theorem |(6.12)| ) are stated and introduced in 
section El Its proof will be the content of sections E] (where we study NNEP 
pairs) and El (where NKC categories are introduced). At the end, in the 
short section some examples of NKC categories are given. Thus, after 
this introduction in section E the paper consists mainly of three parts: a first 
part — sections El and El — with some preliminaries; then a second part - 
sections HI El and IH1 — with our definition of (CW)-stratified bundle and the 
main theorems; finally, a third part - sections El El Ell and ^2 - with the 
actual proofs of the main theorems, together with some remarks and further 
propositions. 



2 Fibre families 

Let $ be a small category together with a functor F : $ —>■ Top to the 
category Top of topological spaces. We assume that the functor F satisfies 
the assumption: 

(*) For every object V in $ the space F(V) is locally compact, 
second-countable and Hausdorff. 

Then $ is termed structure category and F is a fibre functor on To be 
precise a structure category is a pair (#, F), but in general we omit to write 
explicitely F. If F is a faithful functor then $ is a topological enriched 
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category in which morphism sets have the compact open topology. In many 
examples the functor F is actually the inclusion of a subcategory $ of Top 
so that in this case we need not to mention the fibre functor F. 

A fibre family with fibres in $ (or a F)-family) is a topological space 
X, termed total space, together with a map px- X — > X, termed pro- 
jection to the base space X, and for every b G X a selected homeomor- 
phism Q b : p x x b ~ FX& where X& is an object in called /i&re, depend- 
ing on b £ X. The homeomorphism is termed chart at 6. The family 
(p x - X — > X,X 6 , & b ,b G X) is denoted simply by X. Each object V in 
# yields the point family, or $-point, also denoted by V given by the map 
Pv '■ FV — > * where * is the singleton space. 

Given two ^-families X and Y a $-map from X to Y is a pair of maps 
(/, /) such that the following diagram 




commutes, and such that for every b G X the composition given by the dotted 
arrow of the diagram 

-im /|p ~ 1(6) -l/m 
(6) "Py (/ & ) 



-6 */» 
FX b ~/-'V /7 , 

is a morphism in the image of the functor F. That is, there exists a morphism 
0: X b — > Yj 6 in J such that the dotted arrow is equal to We will often 

denote FX b by X b and it will be clear from the context whether X b denotes 
an object in $ or a space in Top given by the functor F. If a #-map / = (/, /) 
is a ^-isomorphism then / and / are homeomorphisms but the converse need 
not be true. 

If X is a ^-family and Z is a topological space, then X x Z is a ^-family 
with projection pxxz = pxl z :XxZ^XxZ. The fibre over a point 
(6, z) E X x Z is equal to x {z}; using the chart $ b : p^ 1 ^) — > X 6 

the chart &( b ,z) is defined by (x,z) i— > 3>&(x) G X b where of course we set 
(X x Z)(p tZ ) = X b . In particular, by taking Z = I the unit interval we obtain 
the cylinder object X x I and therefore the notion of homotopy: two S'-maps 
fo, f±: X — > y are ^-homotopic (in symbols / ~ /i) if there is a g-map 
F: X x 7 — > Y such that / = Fi and /x = F^. Here i and ^ are the 
inclusions X — > X x I at the levels and 1 respectively. 
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Let Top be the category consisting of ^-families px '■ X — > X in Top 
and 5" m aps. Homotopy of 3-maps yields a natural equivalence relation ~ 
on #-Top so that the homotopy category (#-Top) /~ is defined. 

(2.1) Remark. Consider a structure category $ with fibre functor F. In 
general it is not assumed that F is faithful, but it is easy to see that the 
category 5- Top is equivalent to 5'- Top, where 5' = 37= is the category 
with the same objects as 5 and morphisms given by equivalence classes of 
morphisms, with f = f -<=>- F(f) = F(f'). We call the faithful image 
category of F. 

(2.2) Definition. If V is an object in # and X is a space in Top, then the 
projection onto the first factor p\ : X = X xV ^ X yields the product family 
with fibre V; the charts $t : {b} x V — > V = X b are given by projection and 
Xb — V for all b G X. If X is a ^-family ^-isomorphic to a product family 
then X is said to be a trivial ^-bundle. In general a ^-bundle is a locally 
trivial family of fibres, i.e. a family X over X such that every b £ X admits 
a neighborhood U for which X|[7 is trivial. Here X\U is the restriction of 
the family X defined by [/ C X. 

Given a family F with projection py : F — > Y and a map / : X — > F, 
the pull-back X = /*F is the total space of a family of fibres given by the 
vertical dotted arrow of the following pull-back diagram. 



(2.3) 



X = f*Y > F 

p 



The charts are defined as follows: For every 6 e X let X b = Yf b , and $t : 
p^- 1 (6) — > X fe the composition p^ip) — > Py 1 (/6) ~ Fj fc = X b where the map 
p^(6) — > p^ifb) is a homeomorphism since X is a pull-back. 

A 3-map i : A — > F is termed a closed inclusion if i: A — > F is an 
inclusion, «A is closed in F and the following diagram is a pull-back: 



i*Y = A^^Y 



(2.4) 



PA 



PY 



Y 



Hence a closed inclusion % : A — > F induces homeomorphisms on fibres. 

The push-out construction can be extended to the category #-Top, pro- 
vided the push-out is defined via a closed inclusion. 
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(2.5) Lemma. Given $ -families A, X , Y and^-maps f: A — > X , i: A — > Y 
with i a closed inclusion the push-out diagram in $-Top 



(2.6) 



exists and X — > Z is a closed inclusion. 

Proof. The push-out is obtained by the following commutative diagram, 

/ 





in which the spaces Z and Z are push-outs in Top of /, % and /, % respectively; 
the map pz exists and is unique because of the push-out property. Moreover, 
the charts of fibres of Z are given as follows: Z is the union of the two 
subsets X and Y \ A. For b = x £ X C Z there is a canonical composition 
of homeomorphisms p^ib) ~ p^{x) ~ X s that yields the chart 



$ 6 : p- z \b) ^X- x = Z b . 

In fact, % : A — > Y being a closed inclusion, for every a G A the fibre over a 
in A is canonically isomorphic to the fibre over a in Y and hence for every 
x G X the fibre over x in X is canonically isomorphic to the fibre over x in 
Z. Next, for b = y EY \ A C Z the homeomorphism is 

The 5~ m ap j : Y ^ Z induced by the push-out is a closed inclusion, since 
j : Y — > Z is the inclusion of a closed subspace of furthermore, j is an 
isomorphism on fibres and an inclusion, and therefore Y = j*Z. q.e.d. 

A point of this approach is to endow $-Top with the structure of a 
cofibration category (or cylinder category), in order to have ^-complexes 
and stratifications. The dual concept, namely of #-fibrations, was studied by 
May in [TH]. 
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3 ^-complexes 



We recall that for an object V in ^ the family F(V) — > * with base space 
a singleton is termed a $ -point and is also denoted by V. A disjoint union 
of ^-points is called a $-set. This is a ^-family for which the base space has 
the discrete topology. Let D n be the unit disc in W 1 and S 1 "" 1 its boundary 
with base point * £ S*™ -1 . The complement e n = D" \ S* n_1 is the open cell 
in D". An J-cell is a product family V x e n — > e n with K G 5. 

We say that a ^-family A is obtained from a ^-family .D by attaching 
n-cells if a $-set Z together with a 5-map / is given, such that the following 
diagram 

Z x S"- 1 D 

(3.1) I 

Z x D n — ^ A = D U f (Z x D n ) 

is a push-out in 5- Top. The inclusion Z x 5* n_1 — ► Z x Z) n is a closed 
inclusion, therefore the push-out exists and the induced map -D — > A is a 
closed inclusion and X\D = Zxe"isa union of open 3-cells. If Z is a 
$-point then we say that A is obtained from D by attaching a 3-cell and $ 
is the characteristic map of the #-cell. 

(3.2) Definition. A relative ^-complex (A, D) is a family A and a filtration 

D = A_! C A C Ax C • • • C X n C A„ +1 C • • • C A 

of ^-families A n , n > —1, such that for every n > the ^-family X n is 
obtained from A n _i by attaching n-cells and 

A = limA n . 

n>0 

The spaces X n are termed n-skeleta of (X,D). If D is empty we call 
A a ^-complex. Then A is a union of $-cells. It is not difficult to show 
that a relative ^-complex (A, D) is Hausdorff and normal provided that D 
is Hausdorff and normal. In |(3.2)| the limit of skeleta is the limit induced 
by the standard limit of topological spaces (tnd therefore the induced map 
A — > X is continuous). 

(3.3) Example. Let G be a compact Lie group and let # be the category of 
orbits of G, that is, $ is the subcategory of Top consisting of spaces G/H, 
where if is a closed subgroup of G, and G-equivariant maps G/H — > G/H'. 
Then each G-CW-complex (see |25j ) is a ^-complex. 
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4 Stratified bundles 



Let A be a closed subset of a space X. We say that (X, A) is a CW-pair if 
there exists a homeomorphism (X, A) « (X', A') of pairs where X' is a CW- 
complex and A' a subcomplex of X'. A CW-space is a space homeomorphic 
to a CW-complex. 

(4.1) Definition. We call a space X a stratified space if a filtration 

X C Xi C • • • C X n C • • • C lim X n = X 

n^oo 

is given and if for every % > 1 there is given a CW-pair (Mi, Ai) and a map 
hi : Aj — > Xj_i with the following properties: The subspace Xj is obtained 
by attaching Mj to Xj_i via the attaching map hi, i.e. there is a push-out 
diagram: 

A t > Mi 

hi 

Xj_l > 9- Xj. 

Moreover X is a CW-space. The complements Xj \ Xj_i are termed 
strata, while the filtration C Xo cXi C ••• C X n C . . . is called stratifi- 
cation of X. The strata Xj \ Xj_i coincide with the complements Mj \ Aj. 
We call the pairs (Mj, Aj) and the space X the attached spaces of X. If 
all attaching maps are cellular then X is a CW-complex and Xj is a sub- 
complex of X. In this case we say that the stratified space X is a stratified 
CW-complex. In particular CW-complexes with the skeletal filtration are 
stratified CW-complexes. We say that a stratified space is finite if the num- 
ber of non-empty strata is finite. We always assume that a stratified space 
which is not finite is a stratified CW-complex. The reason of this assumption 
is that theorems |(5.1)[ |(6.12)| and |(6.17)| will be proved under the assump- 
tion that the base spaces are finite or arbitrary CW-complexes: with this 
choice of terminology the formulation of the hypothesis happens to be more 
compact. The cellular approximation theorem shows that a stratified space 
is homotopy equivalent to a stratified CW-complex. We point out that a 
stratified space X is a Hausdorff and regular space, see Gray [12]. 

A map 

(4.2) f:X^X' 

between stratified spaces is a filtration preserving map / = {f n }n>o together 
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with commutative diagrams 



X. 



i-l 



■Ail- 



Mi 



A- 



9i 



Ml 



such that QiU fi-i 
every i 



fi for i > 1. A map is termed stratum-preserving if for 



i-l- 



Let Stra be the category of stratified spaces and stratum-preserving maps. 

Consider a manifold with boundary (M,dM), a manifold N, and a sub- 
mersion h : <9M — > N. The push-out of ft and the inclusion dM C M 



(4.3) 



<9m>- 

h 

N — 



M 



MU h N. 



yields a stratified space X = M Uh N with stratification X = N (Z X 1 = X . 
For example if a diffeomorphism dM = Z x P is given where Z and P 
are manifolds and if h : <9M = Z x P — > Z is defined by the projection 
then X = M Uh N is a manifold with singularities, see Rudyak [22], Baas 
0, Botvinnik j^J, Sullivan [21], Vershinin |26j . Also the stratified manifolds 
(stratifolds) of Kreck J7j are stratified spaces. Manifolds with singularities 
and stratifolds have "tangent bundles" which are stratified vector bundles. 
These are important examples of stratified fibre bundles introduced in the 
next definition. 

Recall that $ denotes a structure category together with a fibre functor 
P: S^Top. 

(4.4) Definition. A ^-stratified fibre bundle is a stratified space X together 
with a ^-family 

X -> X 

with the following properties. For % > 1 the restriction X{ = X\Xi = Xj_iLU 4 
Mi is the push-out of #-maps 



Mi 



-A 



i-l 



Mi 



-A: 



i-l 



s 



where Mj — > Mi is a ^-bundle and A\ = Mi\A{. Moreover, Xo — > Xo is a 
^-bundle and X = lim^oo Xj. Hence the strata Xj \ Xj_i — > Xj \ Xj_i are 
^-bundles. 

(4.5) Remark. It is possible to show that a finite ^-stratified fibre bundle 
yields a stratified system of fibrations (according to the definition 8.2 at page 
420 of F. Quinn in [20 ) on X. In fact, since X is a CW-complex and hence 
its strata are paracompact, the restrictions of px '■ X — > X to the strata are 
fibrations (theorem XX. 4. 2. (2) at page 405 of [HI - see also theorem 1.3.5 
at page 29 and Ex. 1 at page 33 of PI]). Furthermore, for every n > 
the inclusion X n C X is a ^-cofibration and all the spaces are compactly 
generated, therefore it is possible to prove that X n is a p-NDR subset of X, 
in the notation of [20] • Thus a 3-striatified bundle X yields in a natural way 
a stratified system of fibrations on X. Actually, if the CW-structure of X is 
given by a triangulation or a simplicial structure, then X — > X yields what 
in [201 EE CD] is termed a simplicially stratified fibration. 

Starting from the papers [2U EH Hlj , F. Quinn and B. Hughes developed 
a theory of homotopically stratified sets which goes in a different direction 
than this paper. In their approach isotopy Whitney lemmas and applications 
to surgery theory are central, while our motivations reside more in abstract 
homotopy theory and X-theory (see [I] and [Hj). For a general and modern 
introduction to stratified spaces and stratified bundles, related to problems 
in surgery theory a common reference is [TH] , 

(4.6) Example. By comparing definition | (4. 4) | and definition [(3^2)] it is easy 
to see that a ^-complex with the skeletal filtration is a ^-stratified bundle 
since the spaces (V x D n , V x 5' n ~ 1 ) are trivial ^-bundles over the CW-pair 
(D n , S 1 ™ -1 ). Moreover, if X is a ^-stratified bundle such that all the attaching 
maps are cellular, then X is a ^-complex. Here we use the bundle theorem in 
section El below. In general, a ^-stratified bundle has the ^-homotopy type 
of a ^-complex (this is a consequence of a cellular approximation theorem 
for ^-complexes, see [Sj). 

(4.7) Example. Let G be a compact Lie group and M a compact smooth 
G- manifold. Let $ be the orbit category of G. Then the augmented Q- 
normal system associated to M, as defined by Davis in 0, yields naturally 
a ^-stratified bundle M — > M = M/G via the corresponding assembling 
functor. The strata are defined exactly as in the proof of theorem 4.9 of [Zj, 
by M n = M(n — 1) and A n = dM n . Thus each open stratum contains the 
disjoint union of all the open stxcttci given by the stratification of M (or the 
corresponding stratification on M) by normal orbit type of depth n in the 
poset of the normal orbit types. 
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A ^-stratified map f : X — > X' between ^-stratified bundles is is given by 
sequences {f n }n>o and {g n }n>i of 3" ma ps such that, given the commutative 
diagrams 

Xi-i* A> ^Mi 

fi-1 9* 

XU^A[^Mi 

for every i, we have U = fa for i > 1. If for every % the inclusion 
f{Xi \ C X- \ holds, / is termed stratum-preserving. 

(4.8) Pull back theorem. Lei X and X' be finite stratified spaces with 
attached spaces which are locally finite and countable CW- complexes. Let 
f : X — > X' be a stratum-preserving map (in Stra) and X' — > X' a 
stratified bundle. Then the pull-back f*X' — ► X is a ^-stratified bundle. 

Proof. Let n be the number of strata of X and Xi = f*X' i for % = 1, . . . n. 
Clearly /qXq is a ^-bundle on X . Since X' is a ^-stratified bundle there are 
^-bundles M[ and #-maps K { : A\ c M[ —> X[_ x such that X[ = X[_ x U h > M[. 
Let the attached spaces of X be denoted by (Mi,Ai) and hi the attaching 
maps. The stratified map / yields maps gi : Mi — > M[ such that <7iU/i_i = /j. 
For every i > 1 let M{ be the pull-back g*M[ — > Mj. It is a ^-bundle. Let 
be its restriction to A\. By assumption Mj and M/ are locally finite and 
countable; furthermore since / is stratum-preserving, for every % we have 
]{Xi \ Xi-x) C X[ \ X-^. Thus, by applying proposition |(7.4)| below, the 
pull-back family Xj is obtained by attaching the ^-bundle Mj to Xj via a 
map hi'. Ai C Mj — ■> Xj, where hi is a suitable 5-map induced by the 
construction. This is true for % = 1, . . . ,n, hence X n = X is a ^-stratified 
bundle. q.e.d. 

A similar theorem was proved by Davis [2j (theorems 1.1 and 1.3), in the 
case of the pull-back f*M of a smooth G-manifold M, where / is a (weakly) 
stratified map and G is a compact Lie group. 

Let (5, F) and (#', F') be structure categories. Then we define the struc- 
ture category (J x J',Fx F') by the functor 

FxF':^x5'^ Top. 

Here ^x^' is the product category consisting of pairs (V, V) of objects V e $ 
and V G 5' and pairs of morphisms. The functor F x F' carries (V, V) to 
the product space F(V) x F'(V'). For a ^-family X and a ^'-family X' with 
the base space X = B = X' we define the fiberwise product X x B X' by the 
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pull-back diagram in Top 



X x B X' -X' 

p 

X 

Then it is clear that X x B X' — > B is a (# x ^ x -F')-family. Moreover 
we get compatibility with stratifications as follows. 

(4.9) Proposition. Let X be a ^-stratified bundle and let X' be a $'- 

stratified bundle such that the stratified spaces X — B — X' coincide. More- 
over assume that X and X' are locally compact. Then X x B X' — > B is a 
J x ^'-stratified bundle. 

Proof. By construction X is the quotient space of a projection 

q-.XoUjjMi^X, 

i>0 

and the same holds for X', with a projection q'. By the Whitehead theorem 
(see |Hj, theorem XII. 4.1 at page 262) the map q x q 1 is a quotient map onto 
X x X', since X and X' are locally compact. Now, Ixglclxl'isa 
closed subspace, hence the restricted projection 

qxq': (qx q'^X x B X -> X' x B X' 

is a quotient map. We can consider now the union 

(X x Xo X',) JJ(M, x Ali M/) C (q x q'y'X x B X^ X' . 

Then it is possible to see that the projection qxq' yields a quotient map 
(X x X() X' ) ]J(M, x Mi M[) ^Xx B X', 

i 

which gives the $ x ^'-stratification of X x B X'. q.e.d. 

5 The bundle theorem 

A groupoid is a category in which all morphisms are isomorphisms. If the 
structure category $ is a groupoid then ^-complexes and ^-stratified bundles 
are actually ^-bundles. More precisely we show the following result which we 
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could not find in the literature though special cases are well known like the 
clutching construction of Atiyah pQ, page 20. This can be briefly explained 
as follows: if X = Xi U X 2 and A = X\ D X 2 , all the spaces are compact 
and Ei — > Xi are (vector) bundles with an isomorphism of the restrictions 
ip: Ei\A = E 2 \A, then the clutching (or glueing) construction is a way to 
define the push-out of the two bundles E\ Up E 2 over the push-out space 
X\ Up x 2 . 

(5.1) Bundle theorem. Let $ be a structure category which is a groupoid. 
Then a $ -stratified bundle X — > X is a $ -bundle over X . Conversely, given 
a stratified space X and a 5 -bundle X over X then X is a 5 -stratified bundle. 
In particular, a ^-complex X — > X is a ^-bundle over X and, given a CW- 
complex X and a ^-bundle X over X, then X is ^-isomorphic to a ^-complex. 

Proof. If X is a ^-complex then the theorem is a consequence of corollary 
|(5.4)| and lemma |(8.5)| below. Otherwise, assume that X is a ^-stratified 
bundle. Since X is obtained by attaching ^-bundles to ^-bundles via 
maps, we can apply a finite number of times corollary | ( 5 . 4 ) | b elow and obtain 
the result. On the other hand assume that X is a stratified space and that 
X — > X is a ^-bundle. By applying a finite number of times lemma [(8.3)| it 
is possible to show that X is a ^-stratified bundle. q.e.d. 

(5.2) Example. Let $ be the category consisting of finite sets {1,2,..., n} 
and permutations of these sets. A ^-family X is a finite-to-one map X — > X. 
By theorem [(51)1 if x 

is a ^-complex, then px is locally trivial and hence a 

covering map. 

(5.3) Lemma. Let $ be a groupoid. Let Y —>■ Y be a ^-bundle, Z a set 
and h: V x Z x S 1 " -1 — > Y a $-map which is the attaching map of X = 
Y Uh {V x Z x D n ). Given a set U C Y open in Y such that Y\U is trivial, 
there is an open set U" C X such that U" f]Y = U and such that X\U" is 
trivial. As a consequence, the push-out space X = Y Uh (V x Z x D n ) is a 
^-bundle. 

Proof. Let $ denote the characteristic map $ : V x Z x D n — ► X and 4>, h 
the maps induced on the base spaces. The restriction of V x Z x S 71 ^ 1 to 
hr x \J is trivial, and with a suitable change of coordinates (which exists since 
Autj(V) is a topological group) we can assume that the restriction 

ho: V x h^U -> Y\U & V X U 

is of the form ly x /i. Now, there is an open set If' G Z x D n with the 
property that U' n Z x S™' 1 = h^U . Since X = Y U~ h (Z x D n ) the image 



12 



U" = $([/') UU is open in X. Moreover, since V is locally compact Hausdorff 
the following diagram is a push-out. 



V x h- x U 



V x U' 



VxU 



V x U" 



But by assumption X is the push-out Y Uh{V x Z x D n ), and the restriction 
of the push-out to the pre-images of U" yields a push-out 



V x h- l U 



VxU'' 



VxU 



■X\U'' 



Therefore X\U" ~ V x U" by an isomorphism which is an extension of the 
chosen isomorphism Y\U k-VxU. This implies that every point in Y has 
a neighborhood U" in X such that X\U" is trivial. On the other hand, if 
x is a point in X \ K, then there is a neighborhood U" of x contained in 
X \ y and in this case X|f7" is trivial because it is ^-homeomorphic to 
Kxr'^'cyxZxe". g.e.d. 

(5.4) Corollary. Lei (X, Y) a relative ^-complex. Assume that $ is a 
groupoid and that Y Y is a ^-bundle. Then X — > X is a $ -bundle. 

Proof. Consider the cellular filtration 



Y 



X_i C X C Xi C • • • C X n C ■ • • C X = limX n . 

n. 



By applying inductively lemma [f5.3)| we see that X n is a ^-bundle over X n 
for every n > 0. Moreover, there is a sequence of sets U n C X n open in 
X n such that U n H X n _i = t/ n _i and ^-isomorphisms a„: X n |C/ n w V x [7 n . 
Moreover a n can be chosen to be extension of a n -i (see the proof of |(5.3)| ). 
Since V is locally compact Hausdorff we can take limits, and obtain a 
homeomorphism 

X\U ttVxU, 



where U = lim„ U„ 



q.e.d. 



6 The principal bundle theorem 

It is well known that each fibre bundle X — > X with fibre V and structure 
group G yields the associated principal bundle Xq —>■ X with fibre G such 
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that Xq is a right G-space for which there is an isomorphism of bundles. 



X ^^X G x G V 

(6.1) 

X 

Moreover Steenrod p. 39 points out that in case G is a subgroup of the 
group of homeomorphisms of V with the compact open topology then the 
principal bundle 

(6.2) X G = X v 

is the function space X v of "admissible" maps V — > X with the compact 
open topology. The action of g G G on a G X v is given by composition 

a-g= V^V^^X EX V . 

In this section we generalize these results for ^-complexes and ^-stratified 
bundles. 

(6.3) Definition. Given a faithful fibre functor F: 5 — > Top and an object 
V G 5 we obtain a new fibre functor 

F v :$^ Top 

which carries an object W in J to the space F V (W) = hom^V, W) with the 
compact open topology. The functor F v need not be faithful, even though 
F is faithful. 

(6.4) Remark. Since for every V the fibre F(V) is Hausdorff, we see that 
for each W G 5 the fibre F V (W) = W v of F v is Hausdorff. Moreover, since 
W and are 2° countable, also ll-^ is 2° countable (see e.g. jHj). We will 
show that if F) is a NKC structure category then ll 7 ^ is locally compact 
so that F v fulfills assumption (*). 

The definition of a NKC structure category is the following. First, a 
family K, of compact sets of V is termed generating if for every ^-family Y 
the subsets 

N K<u = {feY v J(K)cU} 
with K G K, and {7 open in Y yield a sub-basis for the topology of Y v . 
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(6.5) Definition. A structure category $ with faithful fibre functor F has 
the NKC-property if for every V G 5 there is a generating family of compact 
sets K such that for every K G /C, every W <E $ and every compact subset 
C C W the subspace 

N K , C C hom^V, W) = W v 
is compact. Examples are given in section ITTI below. 

(6.6) Remark. Since the spaces W in $ are assumed locally compact this 
implies that for a NKC category the function spaces W v = hom$(V, W) 
are locally compact. Furthermore, it is not difficult to see that a closed 
subcategory of a NKC category is also a NKC subcategory. 

(6.7) Example. Let $ denote the category consisting of a finite dimensional 
vector space V and morphisms given by elements in a closed subgroup G of 
GL(V). The fibre functor is the embedding F: $ — > Top. Then, by |(5.1)| 
a ^-complex X is a vector bundle with structure group G and fibre V. We 
will see in theorem |(11.2)| that F) has the NKC property. Therefore by 
theorem |(6.12)| the principal bundle X v is a (5, -F y )-complex and hence a 
(#, F)-bundle by |(5.1)| This is the result of Steenrod in |(6.2)[ 

(6.8) Example. Let G be a compact Lie group and # its orbit category (see 
|(3. 3)| ). The fibre functor F: $ — > Top is the embedding. Then a smooth G- 
manifold X has a structure of a ^-complex where X = X/G and px '■ X — > X 
is the projection onto the orbit space. For every closed subgroup H C G the 
orbit V = G/if is an object of $ and the function space X v is homeomorphic 
to the fixed subspace X H C X via the evaluation map at 1 G G. We will 
see as a consequence of proposition |( 1 1 . 1 )] that the orbit category J with the 
embedding functor F : 5 — ► Top has the NKC property. Hence by theorem 
|(6.12)| the space X H is a ^-complex with fibre functor F G I U . 

We now define for every (J, -family Y the associated F v ')-family 
F y as follows. Let F y denote the space of all 5" m aps V — > Y with the 
compact-open topology. Then we obtain the projection 

(6.9) Y v ->• Y 

which sends a ^-map a: V — > K to the point pya(uo) G where Up G V is 
an arbitrary point of the fibre V . The pre-image of a point 6 G Y under this 
projection is equal to Fhom(V, Y b ) = Y^ . Thus Y v — > Y is a (g", F y )-family. 

We recall some properties of the function spaces X v and W v = hom^V, W). 
By assumption (*) the images under the fibre functor F of all the objects in $ 
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are locally compact second-countable and Hausdorff. This implies that they 
are metrizable. Since every object V is metrizable, the automorphism group 
Aut(y) is a topological group with the compact-open topology induced by 
the inclusion Aut(V) C hom^V, V). 

Given a 5-map / : X — > Y, let f v denote the map f v : X v — > Y v defined 
by composing with / the 3-maps V — > X. Moreover for <p> : V — > W in $ let 
X v : X w — ► X v be the map induced by (p. Let us recall that given a $-m&p 
f : Z x V — > X the adjoint / of / is the function f : Z —>■ X v defined by 
f(z)(v) = f(z,v) for every z £ Z and u G V. 

(6.10) Lemma. For every space Z a ^-function f: Z xV — > X is continuous 
if and only if the adjoint f : Z — ► X y is continuous. 

Proof. Because V is locally compact and Hausdorff, a function / : Z x V — > X 
is continuous if and only if its adjoint / : Z — > Map(V, X) is continuous, 
where Map(V,X) denotes the space of all (not necessarily controlled by 5) 
maps from V to X with the compact-open topology. But a function / : Z x 
— > X is a 3-map if and only if its adjoint sends Z into the subspace 
X v C Map(V,X). This implies the lemma. q.e.d. 

(6.11) Lemma. The evaluation map X v x V — » X which sends (g,v) to 
g(v) is continuous. Moreover, if f: X —*Y is continuous then the induced 
function f v : X v — > zs continuous. Also, given ip: V ^ W the induced 
map X v : X w — > X y zs continuous. 

Proof. The evaluation map is the adjoint of the identity of X v , hence con- 
tinuous by lemma [(6. 10)[ The evaluation at v G V is the restriction of the 
evaluation to the subspace X v x {v} of X v x V and hence continuous. The 
projection p: X v — > X is the composition of the evaluation at any Vq E V 
with the projection px and hence continuous. The induced function f v is 
the adjoint of the composition X v xy->I->7 where the first arrow is 
the evaluation and the second is /. To see that X v is continuous it is enough 
to see that it is the adjoint of the composition X w x V — > X w x W ^ X , 
where the first arrow is 1 x tp while the second is the evaluation. q.e.d. 

The next result is a crucial observation which shows that the function 
space X v of a stratified bundle X is again a stratified bundle. 

(6.12) Theorem. Let $ be a NKC category with fibre functor F. If X is a 
(3 r , F)- stratified bundle and V an object in $ then the function space X v is 
also a F v )- stratified bundle. 

Proof. If X is a F)-complex then this follows from corollary |(10.16) below 



In the general case one can apply a finite number of times corollary (10.18 



and lemma [(9.4) [ q.e.d 
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Let Topx be the category of spaces over X; objects are maps X — > 
X. Given a ^-family X, the function spaces X v for every object V in J 
yield a functor X° which carries V to X°(V) = X v . Moreover, given a 
^-map /: X — > Y there is a natural transformation f° : X° — > F° defined 
by f v : X v — > Let ^ op -Diagjf denote the diagram category in which 
the objects are functors y p ~~ > ^°Px an d the morphisms are the natural 
transformations between functors. The operator (— )° sends a ^-family X to 
the $ op -diagram X° and a #-map / to the natural transformation f°. Thus 
(— )° is a functor 

(-r^-Top^^P-Diag^. 

The ^-diagram X° is the generalization of the concept of principal bundle. 
In fact, if X —>■ X is a fibre bundle with structure group G and fibre V and 
$ = G — > Top is given by the G-space V then the diagram 1° : #° p ~~ > 
Top coincides with the G-space Xq given by the principal bundle Xq — > X 
associated to X, see |(6.2)| 

For a topological enriched category J there is a naturally associated func- 
tor horn: $ — > J op -Diag which sends an object W of 5 to the # op -diagram 
hom#(— , W) = W°. In case X is a ^-stratified bundle and -F) is a NKC 
structure category then by theorem |(6.12)| the function space X v is not only 
a space over X but a (5, -F y )-stratified bundle. Moreover this holds for every 
object V G $ in a compatible way. Therefore the diagram X° given by strat- 
ified bundles X v leads to the concept of a stratified bundle diagram. For this 
consider the definition of a stratified bundle in |(4.4)| and replace the category 
Top by the category of diagrams in Top. This yields a notion of a stratified 
bundle diagram. If the stratification is given by the skeletal filtration of the 
base space X then a (5, hom)-stratified bundle diagram is the same as a "free 
CW-complex" in the sense of Davis-Luck [B] . 

(6.13) Definition. If $ is a topologically enriched category, then a (5, hom)- 
stratified bundle diagram in the category y p -Diag^ is termed principal 
stratified bundle diagram. This is a y p -diagram of stratified ^-bundles over 
a stratified space X. For example X°: y p — * Top^ is such a principal 
stratified bundle diagram. 

If ^ has a single object V and hom^V, V) is a topological group, then a 
(3 r , hom)-stratified bundle diagram is nothing but a principal G-bundle with 
structure group G = hom^V, V) over X, see theorem |(5.1)[ 

Now consider a principal stratified bundle diagram P : J op — > Top ^ over 
X and a fibre functor F: $ — > Top. We can build a (^, F)-stratified bundle 
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X — > X in Top as the coend of the two functors P and P: 
X = P(g )s F= / P(V) x F(V). 



We recall the coend construction: the space P <E> 5 P is the quotient space of 
the coproduct 

U p(v) x f(v) 

V6S- 

with the identification (P(a)(x),y) ~ (rr, F(a)(y)) for every morphism a G 
homgr(V, W 7 ), x G P(W / ) and y G P(V). There is a well-defined map X — > X 
and it is not difficult to show: 

(6.14) Lemma. P ®$ F is a F) -family. 

Proof. See e.g. [15] , page 44, for the case of a groupoid 5- It suffices to show 
it in the case P is a hom)-point, that is a diagram P over a point. Since 
P is principal, there is an object W of $ such that P(V) = hom$(V, W 7 ) 
for every V G ^, or, equivalently, P = W. If V — *■ V is a morphism 
in 5", then P(g) : — > W v is defined by P(g)(a) = ag. Thus the coend 
W° (8)5 P is defined as 



(6.15) 



II ^ y x F(V) ) / 



where (ag,x) ~ (g,P(a)(x)) for every g G hom 5 -(V / ,K'), a G and x G 
F(V). Now it is easy to see that for every W 

W°® S F = F(W) 

and that given a morphism a° : W° ®^ P — > W'° <8> P the following diagram 
commutes: 

W° % P W'° ® 5 P 

(6.16) 

P(V^) F{a) > F(W') 

(6.17) Theorem. Let $ be a structure category with a faithful fibre functor 
F so that $ is topological enriched by the compact open topology. Let ($, P) 
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be a NKC structure category and X a F) -stratified bundle. Then the asso- 
ciated diagram X° is a principal stratified bundle diagram with fibre functor 
horn. Conversely, if P is a principal (5, horn)- stratified bundle diagram and 
F a fibre functor, then the coend P ®^ F is a stratified bundle in Top with 
structure category J and fibre functor F . Moreover 

X°®zF = X. 

This result generalizes the classical equation 

X G x G V = X 

for the principal bundle X G associated to X in |(6.1)[ This construction can 
be generalized. Let (p: G — > H be a continuous homomorphism between 
topological groups and let G (H) be a topological transformation group for 
V (W). Then a (G,V)-bundle X (i.e. a bundle with fibre V and structure 
group G) yields the principal bundle X G which in turn yields the ^-associated 
bundle 

<p # (X)=X G x G p*W ->X. 

Here p*W is the G-space with the G-action induced by (p, that is g ■ w = 
(p(g) ■ w for g G G and w G W. The associated bundle ip#(X) has fibre W 
and structure group H. Hence <p induces the functor 

(6.18) <p# : (G, \/)-Bundles^ -> (H, H/)-Bundles^. 

We now generalize this functor for stratified bundles. 

Let (#, F) and (0, G) be structure categories with faithful fibre functor 
F, G so that J and (9 have the compact open topology. Let 

<p: 

be a continuous functor. If (5, F) is a NKC structure category and X a 
(3 r , F)-stratified bundle then the principal stratified bundle diagram X° is 
defined and we obtain the ip-associated stratified bundle 

P#(X)=X° ® s (Gp)^X. 

Here <p#(X) is a ((25, G)-stratified bundle. Hence tp induces the functor 

p # : (5,F)-Stra^^(0,G)-Stra^. 
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Proof of theorem \(6.17)\ We have seen that, as a consequence of theorem 
|(6.12)[ for each V G 5 the function space X v is obtained by gluing W v - 
bundles Mf along with maps hY : AY CM,^ X£. v for suitable objects W e 
In other words, the diagram X° is obtained by gluing the ^-diagrams M° 
(which are hom)-bundles) along with ^-diagram maps h°: A\ — > X°_ x . 
Thus X° is a (5, hom)-stratified bundle, that is a ^-stratified bundle with 
diagram-fibre functor horn. By definition this is a principal stratified bundle 
diagram. 

Conversely, let P be a principal stratified bundle diagram and F a fi- 
bre functor. It is not assumed that P is faithful, but that the spaces FV 
are second-countable locally compact Hausdorff spaces, see assumption (*). 
Hence, if the z-skeleton of P is obtained by attaching a hom)-bundle Mj 
to Pi-i via a ^-diagram map h%: A{ C Mj — > Pj_i, i.e. Pj = Mj U?. Pj_i, the 
coends are corners of a push-out diagram in 5- Top: 

Aj % P * % ^ 



M ® 5 P Pi <% P 

Thus X has a filtration given by Xj = Pj ®5 P, for all % > 0, and each Xj is 
obtained by attaching Mj = Mj ® $ F to Xj_x via the map 



Moreover, since 



hi = hi % P: Aj = Ai ® 5 P -> Xj_x. 



lim(Pj^P) = limPj 

j>0 V i>0 



X is equal to the colimit X = limj> Xj. To show that it is a (5, P)-stratified 
bundle we need only to show that the attaching maps are #-maps. But 
hi are (5, hom)-maps, and by diagram |(6.16)| the coends of such maps are 
P)-maps. The proof is hence complete. q.e.d. 



7 Pull-back of a push-out ^-family 

In this section we complete the proof of the pull-back theorem |(4.8)| 

Consider a ^-family Y', a 3-CW-pair (M', A') and a 5-map h! : A' — > Y'. 
Then we can glue M' to Y' and obtain a ^-family X', as in the following 
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diagram. 



(7.1) 




Now consider a space Y, a CW-pair (M,A) and a map h: A — > Y. Let 
X be the push-out space X = Y M. Assume that maps f A , /, /y and / 
are given, such that the following diagram commutes. 



(7.2) 




Then the pull-back families X = f*X', Y = /fK', A = f\A' and M 



f*M' are defined. Moreover, we can define the maps h = (h, h!) 
Jy = (j Y ,3Y>) :Y^X,j A = (j A ,j A .) : A - M and $ = ($, $') 
They fit into the following diagram. 



: A 

M 



Y, 
X. 



(7.3) 



Ax A' 



M x M 




Y xY' 



X x X' 



The aim of this section is to prove the following proposition. 

(7.4) Proposition. Assume that M and M' are locally finite and countable 
CW- complexes and that f(X \ Y) C X 1 \ Y' . Then the pull-back family 
X = f*X' is obtained by attaching the pull-back $ -family M = f*M' to 
Y = f£Y' via the $-map h: A C M — * Y induced by (h, hi), i.e. the middle 
square in diagram \(7.3)\ is a push-out. 
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The proof of proposition |(7.4)| will be the content of the rest of the section. 



com- 



(7.5) Lemma. The maps in \(7.3 )\ are well-defined and the diagram 
mutes. 

Proof. Consider (a, a') G A. Then = Pa , (0''), hence 

fyh(a) = h'f A (a) = h'p A >{a') =p Y >ti{a'). 



Hence (h(a),h r (a!)) G Y. On the other hand, if (y, y') G Y, then f Y (y) = 
PY'(y f ), hence 

fjy(y) =3Y>h{y) = 3Y>PY*(y') =Px>jY>(y')- 

That is, 3Y(y,y') = jV'(y')) e X. The same argument can be applied 

literally to ja and $. The diagram commutes since it is the restriction of a 
commutative diagram on the Cartesian products. q.e.d. 

(7.6) Lemma. The maps ja'- A — > M and jy '■ Y — > X are a closed inclu- 
sions of $ -families. 

Proof. Consider the following diagram. The left square is a pull-back (by 
definition) and the right square is a pull-back (the pair (M', A 1 ) is a #-CW- 
pair) . 



(7.7) 



Now consider this diagram. 





The composition of the two squares is equal to the composition of the two 
squares in diagram |( 7. 7) [ hence it is a pull-back. The right square is a pull- 
back by definition, hence the left square is a pull-back, (see e.g. exercise 8 
of [TS] . page 72). Since A C M is a closed inclusion, j A is a closed inclusion. 
The proof is the same for jy. q.e.d. 
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Now consider the maps q = $ U jy, q = $ U jy, q' = $' U j Y > and 
q' = $' U jy/. They can be arranged in the following diagram. 




By definition q, q' and q' are quotient maps. We want to show that under 
suitable conditions q is a quotient map. If this is the case, then proposition 
|(7.4)| is proved, since q is exactly the projection defining the topology of the 
push-out. 

(7.9) Lemma. Assume that f(X \?)cl'\ Y' . Then q is onto, q\Y and 
q\(M \ A) are mono. 

Proof. Let x = (x,x') G X, so that then f(x) = px>{x')- If x G Y, then 
f{x) G Y', therefore x' G p^iY' = Y' . Thus there is y = (y, y') G Y such that 
q{y) = x. On the other hand, if x G" Y, since assumption fx G" Y', necessarily 
x' G" Y' hence there is a unique vn! G M' \ A' such that q'(m') = x'. For the 
same reason there is a unique m G M \ A such that q(rh) = x. Now consider 
the since q' is mono in M' \ A', the chain of equalities 

g'/(m) = fq{m) = f{x) = px'(x') = p x >q'(m') = q'p M ,(m') 

implies that f(rh) = pM>{m'), hence that (m,m') G M. We have shown that 
q is onto. The restriction of q to Y is mono since j Y x jy/ is mono. To see 
that the restriction of q to M \ A is mono, consider that if (m, m') G M 
then fh g A implies m' A', hence M\4c(M\i)x (M' \ A'). Now, g 
and g' are mono when restricted to M \ i and M' \ A' respectively, hence 
q\(M \ A) is mono. g. e.rf. 

From now on, we will assume that the condition of lemma [C7.9)| is fulfilled. 

(7.10) Lemma. The restriction q\(M \ A): M \ A — > X \Y is a homeo- 
morphism. 



23 



Proof. The map q\(M\A) is bijective and continuous. We need to show that 
it is open. Consider an open set U in M \ A, and a point x = (x, x') G U. 
There are neighborhood U M d M \ A and Um' C M' \ A' such that 

x g (c/^ x c/ M ') nMcu. 

Since g and q' are homeomorphisms of M \ A and M' \ A' onto their images, 
the sets U x = qU M an d U x > = q'UM> are open subsets of X \ F and X' \ F'. 
Hence U x x ^7x' H X is open in X and contained in X x. F . Moreover, since q 
is mono in M \ A, we have that g [([/ ^- x {TmO H M] = C/x x C/x' H X, hence 
U x x C/x' H X C q{U). But x is arbitrary, therefore q(U) is open and so the 
map q\M \ A is open. g.e.G?. 

(7.11) Lemma. ^4 subset S C M L\Y is saturated (i.e. q~ 1 q(S) = S ) if 
and only if S A — h~ 1 (S fl F). 

(7.12) Lemma. Assume that M and M' are metrizable. If Um C M and 
C/4/ C A' are open sets with compact closure such that 

(Um~ x U^) n M c g" 1 ^, 

£aen inere zs an open subset Um 1 C M' with compact closure such that 

u M > n A' = u A > 

(Um~ x U^) n M c g" 1 ^. 

In £ne same way, if U A C A and Um 1 C M' are open se£s compact 
closure such that 

(TI2 x Um~<) DM C q~ l U, 
then there is an open subset U M C M with compact closure such that 

U M nA = u A 

{Um~ x Um",) n M C g _1 C/. 

Proof. By assumption the set g -1 i7 DM is open inMcMx M', therefore 
there exists an open set q~ l U C M x M' such that g _1 ?7 fl M — q~ l U fl M. 
We need to find the open set Um 1 C M' with the desired properties. Consider 
the following function 77 : M x M' — ► M defined by 

(7.13) r](x) =d(x,q I KJ C )+d(x,M), 

where g _1 ?7 is the complement of q~ l U in M x M' and d is the distance 
given by a metric on M x M'. Consider a point x in the compact closure 
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U M x Ua'- If x G M as well, then by the assumption x G q~~ x U , and since 
q~ x U is open this implies r\{x) > d(x, q~ 1 U ) > 0. On the other hand, since 
M is closed in M x M', if x G" M then rj(x) > d(x, M) > 0. Thus 77(3;) > for 
every x G (U M x Ua>), and so there is an open set Um> C M' with compact 
closure such that Um> H A' = C/a' and 

x eU M x U M > =>• ^(z) > 0. 

This means that if x G (C/jg x C/ M /) n M then g -1 ?/ ) > 0, thus x G q~ x U, 
and this implies that 

For the second part of the lemma, the proof is exactly the same, it is only 
necessary to exchange the roles of A and M' . q.e.d. 

(7.14) Lemma. Let X be a ^-bundle over a locally finite and countable CW- 
complex X . Then X is metrizable. Moreover, every open subset O C X is 
the union of an ascending sequence of open subsets O n C X with compact 
closure O n C O n+ \. 

Proof. Since X is locally finite and countable, it is metrizable and 2° count- 
able. Since the fibres are 2° countable by assumption, X is 2° countable, since 
it is obtained by attaching a countable number of 5-cells V x D n , which are 
2° countable. Now, X and the $-cells V x D n are completely regular, hence 
X is regular; therefore by Urysohn metrization theorem X is metrizable. Let 
d denote its metric. Now consider an ascending chain of finite subcomplexes 
X n C X such that X n is contained in the interior of X n+ i and X = \J n X n 
(such a sequence exists since X is locally finite and countable). Using the 
fact that the fibres are locally compact and second countable, it is possible 
to show that X can be written as the union of an ascending sequence of 
subspaces X n C X n+1 C . . . where each X n is compact and is contained in 
the interior X n+ \. For every n define the following open set 

O n = {x G X : d(x,O c ) > -}f]X n , 

where O c denotes the complement of O. If x is an element of the closure 
O n (closure of O n in X), then x G O n+ \ [~)X n C X n , hence O n is a closed 
subset of the compact space X n , hence O n is compact. Moreover, since 
X n C X n+ i, we have that O n C O n +i as claimed. We need to show that 
O = U n On- if x G O, then d(x, O c ) > 0, therefore there is n\ > 1 such that 
d(x, O c ) > ^ for every n > n\. Since [j n X n = X, there is ni > n± such that 
x G X n , 2 C X n2+1 . But these conditions imply that x G O n for n — n 2 + 1. 
ThusO = UO n . 9-e.d. 
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(7.15) Lemma. Assume that M and M' are metrizable. If U A C A and 
Ua' C A' are open sets such that 

(U A x Um) n M C q^U, 

then there are open sets C M and Um 1 C M' sttc/i £/iat 

u M > nA' = c/a' 

fexf/^nMcg-^. 

Proof. By lemma |(7.14)[ it is possible to find increasing sequences C/| C E/5 
and C/^/ C with compact closures and such that 



\Jul = u A 

k>l 

[ju k A/ = u A , 



k>l 



Now, by applying lemma [(7. 12) twice it is possible to define compact subsets 
U\-, and Uh, such that 



(^x(j;,)nMc^. 
By induction, we will show that it is possible to find two sequences of open 

jk M alld U M> 



sets U*L and E/fv/ with compact closures, with the property that 



ul I nA = u\ 
u k M , nA' = u% 



for every k, k' > 1 and 



(7.16) (^x^nMcg-V 

for every k, k' > 1. Assume that the sequences are defined for j < k — 1. By 
applying fc — 1 times lemma [('7.12)| and taking the intersection of the resulting 
open sets, we can show that there is such that Ulk fl A = U\ and 



(u k M xu k w )nM cg-'u 

for every k' < k — 1. Now we can apply k times lemma |(7.12)| and take 
the intersection of the resulting open sets, to finally find and open set with 
compact closure XJ\, V such that U k r fl A' = XJ\, and 



(U^ x u k MI ) n M c q-'u 
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for every j < k. Thus equation |(7.16)| holds for every k, k' > 1. But this 
implies that the open sets 



Um = (J U *m 

k>l 

Um' = U M , 



have the desired property. q.e.d. 

(7.17) Lemma. If M and M' are locally finite and countable, then the map 
q is a quotient map. 

Proof. Consider a subset U C X such that q~ x U is open inMUF. We want 
to show that U is open. Let x 6 U \ Y. Since q~ 1 U fl (M \ A) is open, by 
lemma |(7.10)| there is an open neighborhood of x in X \ Y contained in U. 
If U H y = then we have proved that {7 is open. Otherwise, let x 6 Y D Z7. 
Since g _1 [7 is open, g _1 i7 flF is open and contains y G flY. Therefore 

there are two open sets U Y and Uy such that 

y e(u Y x u Y >) n y c g _1 Y n y. 

Let 

?7 A , = h'^Uy 

Since ft, and /i' are continuous, they are open subsets of A and A' respectively. 
By lemma [(7 . 1 5 ) 1 1 here are open sets U M C M and Um> C M' such that 

U M f)A = U A = h- x U Y 
u w n A' = U A , = h'~ l Uy, 



and 

Consider the sets 



(U M x U M .) n M c g^C/. 



U x > = q'{U M .) U LV' C X'. 

Since g and q' are quotient maps (by definition), and since U M U U Y and 
Um'UU y > are saturated with respect to the maps q and g' (see lemma |(7.11)| ), 
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U x and Ux< are open in X and X'. Therefore U x = U x X Ux> H X is open 
in X and contains x. It is left to show that U x C U. Consider t E U X C\Y . 
Then q~H = h~H U {t} C Af U K. But since j y is mono, t E (Uy xU' Y )f]Y 
and therefore i G U . Otherwise, if t G X \ K then = m, unique point 
belonging to (Um x ^M') H M C q~ x U . Thus C and therefore 

t G U. We have proved that U x <ZU and the proof is now complete, q.e.d. 

(7.18) Remark. Since a pull-back of a ^-bundle is a ^-bundle, if M' is a 
^-bundle, then M is a ^-bundle. Furthermore, by |(7.6)[ A is the restriction 
of M to A. Thus, in this case, proposition | ( 7. 4)| implies that if M and M' are 
locally finite countable CW-complexes and M' a ^-bundle, if X' is obtained 
by attaching the ^-bundle M' to a ^-family Y', then the pull-back ^-family 
f*X' is obtained by attaching the pull-back S'-bundle M to the pull-back 
^-family f*Y'. 

8 Push-out of pull-back ^-bundles 

In this section we complete the proof of the bundle theorem |(5.1)[ In case of 
the pull-back of ^-bundles, the following properties hold. 

(8.1) Lemma. Let Y be a space, h: S 71 ^ 1 —>■ Y a map and X = Y D n . 

Let $: D n — > X denote the characteristic map. If X — > X is a ^-bundle and 
Y is the restriction of X to Y , then the following diagram is a push-out 

h*Y Y 

$*X — *X 

Proof. Since the diagram commutes, one gets the map t: P — > X, where P 
denotes the push-out space $*X U Y. It is easy to see that t is bijective 
and covers the identity of X. Now we show that t is a local homeomorphism 
when restricted to the space over U, where U C X is an open set such that 
X\U is trivial. In fact, in this case the diagram |(8.2)| is reduced as 

h*(w x (u n Y)) — - w x (u n y) 



W x W x U, 

which is a push-out since W is locally compact Hausdorff and X = Y D n . 
Thus P\U and X\U are homeomorphic. But P\U and X\U, when U ranges 
over all the trivializing neighborhoods of X, are open covers of P and X 
respectively, with t(P\U) — X\U for each U. Hence t is an open map. q.e.d. 



28 



Since exactly the same argument can be applied to the attaching of a set 
Z of n-cells, we have the following generalization of lemma |(8.1)| 

(8.3) Lemma. Let Y be a space, Z a set and h: Z x S 11 ^ 1 — > Y an attaching 
map with X = Y (Z x D n ) . Let $: Zx D n — > X denote the characteristic 
map. If X ^ X is a ^-bundle and Y is the restriction of X to Y then the 
following diagram is a push- out 

h*Y *Y 

<I*X — *X. 

We recall now the following important property. Let Mo C Mi C • • • C 
M n C lim n > M n be a sequence of spaces, and M = lim M n . Then for every 

locally compact Hausdorff space W 

(8.4) lim (W x M n ) = W x ( lim M n ) =WxM. 

(8.5) Lemma. Let (M, A) 6e a CW-pair; let M ^ M be a ^-bundle and A 
the restriction of M to A. Then (M, A) is a $-CW-pair. 

Proof. Consider the filtration on skeleta 

A c Mi c M 2 C • • • c M n c • • • c M. 

It induces a filtration on restrictions of the bundles M — > M 
A c Mi c M 2 c • • • c M n c • • • c M. 

By lemma |(8.3)| for every n > the diagram 

^M n _! M n _i 

w 

$* n M n >M n , 

is a push-out, where h n : Z n x S*™ -1 — > M n _i is the attaching map on M„_i 
and $„ is the corresponding characteristic map. Since D n is contractible, 
there exists a ^-isomorphism of (pair of ) bundles 

(8.6) (®* n M n , ^M n _i) = W x (Z n x D n , Z n x S^ 1 ) 
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for a suitable object W G This means that M n is obtained by attaching 
W D n to M n _i with as attaching map the composition of the map 

induced by pull-back h* and the isomorphism of |(8.6)[ Thus (M n , A) there 
are skeleta M n C M such that 

A c M C Mi C . . . M. 

To show that (M, A) is a relative ^-complex (and hence a 3-CW-pair) we 
need to show that lim M n = M. Since there is a continuous bijection 

n— >oo _ 

t: lim M n — > M covering the identity of M, we need to show that M 

n^oo 

has the topology of the limit. It suffices to restrict M to the trivializing 
neighborhoods U C M, and this is true as a consequence of pljl q.e.d. 

Lemma [(8.5)| implies the following corollary, by taking A — 0. Let M be 
a CW-complex; let M — > M be a ^-bundle. Then M is a 5-co m plex. This 
is the second part of |(5.1)| 

9 Push-out of function spaces 

We now start the actual proof of the principal bundle theorem, which is 
achieved in the next two sections. 

Let V be an object of We recall that a family K of compact sets of V 
is termed generating if for every ^-family Y the subsets Nk,u with K e K, 
and U open in Y yield a sub-basis for the topology of Y v . 

(9.1) Definition. Let Y C X a pair of ^-families and a closed inclusion. 
We say that Y has the N -neighborhood extension property in X (NNEP) if 
for every V e # there exists a generating family /C of compact subsets of V 
such that the following is true: let U be open in X v and for i = 1, . . . , I let 
i^i C V be compact sets in /C and ^ C 7 be open such that 

i 

f)N KM GUnY v ; 

i=i 

then there are Z open subsets C X such that PI Y — Ui and 

f)N Ki ,v,cU. 

t=i 

An important easy property of the sets A^-,[/ is the following: if U C K 
and ft : A — > Y is a map, then 
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(9.2) Lemma. Let Z be a set and (M Z ,A Z ) be an NNEP-pair for every 
z G Z. Then the coproduct of inclusions 



zez zez 

yields a NNEP-pair. 

(9.3) Lemma. Assume that A has the NNEP in M and that h: A — > Y 
is a $-map to a 5 -family Y . Then Y has the NNEP in the push-out space 
X = MU h Y. 

Proof. By lemma [(2~5)] Y -> X is a closed inclusion. Let $ : M — > X denote 
the characteristic map of the push-out. Let U C X v be open, and let 
Ki C V and Ui C K be compact subsets of a generating family 1C oiV and 
open subsets such that 

i 

[)N KM cUnY v 

1=1 

as in definition |(9.1)[ The map $ y is continuous, hence U" = (<& v ) U C M v 
is open in M 17 . Moreover, the intersection 



i=i i=i 



is contained in [/". Since A has the NNEP in X, there are / open sets U" in 
M such that U" C\ A = hr l Ui and 



f)N Ki>u „ cU'- 



Now consider the subsets C// = t/< U $(£//') C X. Since U-C\Y = U u = 
U" and X is the push-out of M and Y, each Z7/ is open in X. Moreover, 
consider 



/ 

I A7 



If / G Y then 

/ 



i=l 



i=l i=l i=l 
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hence f E U. On the other hand, if / ^ Y v , then there is a unique /" : K — > 
M \ A such that / = Since for every z /if, = /i/"^ C E/?, we have 

thus 

f"ef)N KiM ,cU". 

Hence / = G $ y C/" = $ V ($ V ) -1 E7 = U. Therefore 

i 



f)N KuU ,c:U, 



i=i 



and the proof is complete. q.e.d. 

(9.4) Lemma. Assume that (M, A) is a NNEP-pair, Y is a $ -family and 
h: A — > K zs a $-map. Let X be the push-out X = M Y . Then the 
following diagram 

A vJ^ Y v 

v 

M y — X v 

is a push-out. 

Proof By lemma [(973)] (X, Y) is a NNEP-pair. Let /C denote the generating 
family of compact sets of V. Let P denote the push-out M v U h v Y v . By 
the push-out property there is a continuous map P — > X F . It is easy to 
see that it is bijective, so that, by identifying P and X v , the only thing to 
prove is that if U is an open in the push-out topology, then it is open in the 
compact-open topology. This is true if and only if for every f EU there is a 
subset U' C X v open in the compact-open topology such that f C U' C £/. 

Consider first the case /o Then there exists a unique /q G M y \A V 
such that $ y (/o) = fa. Since v4 y is closed in M v , /q is contained in an open 
neighborhood C M y such that Ug H A v = ® and is of type 

i 

8=1 

for some -Kj C V and some U" in M \ A. For each z the image U- = <&U" is 
open in X, hence the set 

i 

i=l 
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is open in X v , contains fo and is contained in U. 

Now consider f G Y . The intersection Y v D U is open in Y v and hence 
there is a neighborhood of fo in Y v contained in Y v f]U. Because Y v has the 
compact-open topology this means that there are I compact subsets Ki C V 
and open sets [/, C Y such that 

l 

(9-5) /o G f| N Ki , Vi C 17, 

«=i 

where as above Nx^Ui denotes the set of all the maps in Y v such that 
f'Ki C Ui. Without loss of generality we can assume that Ki belongs to 
the generating family K, for every % = 1 . . . I. 
Consider the sets 

U" = (<$> v f l U C M v 

and 

i 

f]N K ^ Ui cA v nu". 

i=l 

Since (M, A) is a NNEP-pair, by definit ion | ( 9 . 1 ) 1 1 here are open sets U" C M 
such that U" H A = h^Ui and 

l 

f)N KhU „cU". 

i=l 

Let U[ = Ui U$U" for every i = 1, . . . , I. As in the proof of lemma 
|(9.3)| they are / open subsets of X with the property that (7-117 = Ui, hence 
fo G N k .jji for every i. And, again as in the proof of lemma [(9.3 )[ 

U' = f)N Ki ,v,cU. 

i=i 

This concludes the proof. q.e.d. 
(9.6) Lemma. Consider a sequence of ^-families 

X C Xi C • • ■ C X n C ■ • ■ C X = lim X n 

n—>oo 

such that for every n > 1 (X n ,X n _x) is a NNEP-pair. Then (X,X ) is a 
NNEP-pair and 

X v = lim X v n 

n—>oo 
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Proof. Let U C X v be open, and ft i=1 N KitU o C U H X^ a subset of X^, 
with Xj C V compact containing bases and Uf open in Xo. By induction, it 
is possible to define sequences of sets [/" open in X n such that for every > 1 

u? n x n _ x = c/f- 1 
i 

f]N Ki , w cx^nu. 

i=i 

Now, because X = lim^oo X n , the sets U°° = U^Lo ^? are °P en m hence 

i 

f]N KijUr cU. 

i=l 

is an open set. Moreover, by construction [/°°nX = U®, therefore X has the 
NNEP in X. The same construction shows that X v = lim n _ +DO X*''. q.e.d. 

10 NKC-categories 

The crucial property of a NKC-category as defined in | (6. 5) | is the next result. 

(10.1) Proposition. Assume that $ is NKC. Then for every W G $ the 
pair (W x D n ,W x S 11 ' 1 ) is a NNEP-pair. 

The proof of proposition |(10.1)| will take the rest of the section. 

(10.2) Lemma. Let R be a space and V and W objects of Then 

(W x R) v = W V xR. 

Proof. Let pr x and pr 2 denote the projections onto the first and the second 
factor of W x R. The map pr 2 e : (W x R) v — > R sending /: V — > W x R 
to pr 2 /(0) G R is continuous. Furthermore, the map pr] 7 : (W x R) v —>■ W v 
is continuous. Therefore the map F = (prj 7 , pr 2 eo) : (W x — > W v x i? 
is continuous. Consider now the function G: W v x R — > (W 7 x _R) y defined 
by G(f,r)(v) = (f(v),r) for every d £ V and every r E R. It is the adjoint 
of the map K x VT 17 xiJ-^l^xE defined by (v, f, r) \— > (f(v),r), which is 
continuous since the evaluation map is continuous. Therefore G is continuous. 
It is readily seen that GF = 1 and FG = 1. q.e.d. 

Let = {x G D n : \x\ > 1 — e}, for any e small, and let p t : £)" — > S 1 ™ -1 
be the retraction defined by i ^ A. With an abuse of notation we use the 
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same symbol for the induced retraction p e = lw x p t : W x D" — > W x S*™ x . 
For every G $ there is an induced retraction 



p\ : (W x D n t ) v -> (W x S"- 1 ^ 

(10.3) Lemma. 7/C is a compact in (W x S ,n_1 ) v ' ; and C zs contained in 
an open set A of (W x D n ) v , then there exists e > suc/i i/iat (p^) C C A. 

Proof. If e is small, we have = S^ 1 x [0, e), and hence (W x Z)™) y = 
(W x S" 1-1 )^ x [0, e) and p v t is the projection onto the first factor. Each 
x G C is a point of A, therefore there exists an open neighborhood of x of 
type O x x [0, e x ) contained in A. Being C compact there is a finite number 
of points x such that C is covered by O x x [0, e a ). Therefore there exists a 
e > such that U x O x x [0, e) is an open subset of A containing C and thus 
{p v t Y l C(ZA. q.e.d. 

Now we can start the proof of proposition |( 10 . 1)| Let U be an open subset 
U C (W x D n ) v . Let K be the generating family of compact subsets of V of 
the NKC property. Let Ki C V be compact subsets in K and Ui C W x S" 1 ' 1 
open subsets, such that 



;i0.4) f|.V /N . r r r- ill x.S" 

i=l 



By lemma [(7. 14) | there is a sequence of open sets A\ C W x S n 1 with > 1 
such that, for every k, A\ C A^ +1 , 

(10.5) |J A* = Ui 

k>l 

and the closure A^ is a compact subset of U. 

(10.6) Lemma. For every i — 1, . . . , I the space N K . ik is compact. 

Proof. It is closed, because it is equal to the intersection of all the spaces 
iVj^j ^fc, with x & Ki, and they are closed because pre- images of the closed 
set A^ under the evaluation map (W x S n ~ 1 ) v x {x} — > W x S"™ -1 , which 
is continuous because of lemma |(6.11)[ Now we prove that it is compact. 
Consider the projection p: W x S 1 ™ -1 —* W onto the first factor. Since A 1 ? is 
compact, its image pAf is compact in W. Moreover, it is easy to see that 

P V (N Ki ,A0 C N K . )pA k, 
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and hence that 



Now, since Ki and pAf are compact and $ is an NKC-category, N K . pA -k is 
compact. Therefore N K . j* is a closed subset of a compact space, and hence 
compact. q.e.d. 

Consider for every k > 1 the set 

i 

(10.7) C fe = f|iV^ A ,c(Wx5'"- 1 



i=l 



It is open, by definition of compact-open topology. Let denote the union 

Ufc>l C k- 

(10.8) Lemma. We have that 

i 

Coo = f]N KM c (w x s n ~Y nu. 

i=l 

Proof. A 3-map / G (W x S"™ -1 ) 17 belongs to Coo if and only if there is k > 1 
such that f E Ck, that is if and only if there is k > 1 such that /.fQ C for 
every i = 1, . . . , I. Of course this implies that fKi C Uj for every i On the 
other hand, if fK t C then by equation |(10.5)| there is fcj > 1 such that 
/ifj C A\ for every k > k^. This implies that there is k (take the maximum 
of all ki) such that /iQ C A\ for every z = 1, . . . , I. q.e.d. 

(10.9) Lemma. The closure Ck C (W x S'™ -1 ) 17 ' zs compact and contained 
in C, 



oo • 



Proof. Because of its definition Ck C n i=1 N K _ jA k. Because for every % = 
1, . . . , / the closure N K . A k is contained in N K . A k, which is compact by lemma 
|(10. 6)[ we have that Ck is compact. Furthermore, by assumption A k is con- 
tained in Ui, and hence N K . A k is contained in Njc^Vi- Therefore the closure 
of Ck is contained in Coo- q.e.d. 



Because of lemma |(10.9)| and lemma (10.8)| the compact set Ck is con- 



tained in U in (W x D n ) v . By lemma |(10.3) it is possible to find an > 
such that 



;io.io) ( P Y) x c h c u. 
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Without loss of generality we can assume that the sequence e/., with k > 1, 
is decreasing. 

Now consider for % = 1, . . . , I the following sets in (W x D n ) v : 

(io.il) 0? = L>^* 

fc>i 

Since it is the union of open sets, for every i = 1, . . . ,1, the set U- is open in 
W x D n . Hence the set 



(10.12) [/' = f]N Ki>u > c (W x D mr 

i=l 



is open. 

(10.13) Lemma. For ever?/ z = 1, . . . , I, U[ n (W 7 x S"^ 1 ) = J7<. 

Proof. Because of |( 10.11)} it suffices to prove that for every i and every k > 1 

p- 1 ^ n (w x 5- 1 ) c c/ i5 

and this is true because p^A\ fl (W x S" 1-1 ) = A*. g.e.d. 

(10.14) Lemma. U' C [/. 

Proo/. If f e U' H(W X S^Y, then fK % C_jWx S™" 1 ) n E/?, and by 
lemma [(Tfe)] this implies fK t C U t . Thus, by |(10.4)[ / G £/. On the other 
hand, assume that / G (W x e™) 17 . For every i = 1, . . . , I the image of the 
compact f(Ki) is in U[ and hence, because of |(10. 1 1) for every i there exists 



an integer ki > 1 (depending on i) such f'(Ki) C p X A\ In particular, for 
every i = 1, . . . , I, 

f(Ki) ClVx Dl , 
and thus, because / is a 5-map and is a decreasing sequence, 

f'{V) cWx D™ m , 

where m denotes the maximum of ki,...,k\. Moreover, the sequence of 
spaces A* is increasing with k > 1, and therefore A^* C A™ for every i = 
1, . . . , /. Thus for every 2 = 1,...,/, 



/'(#,) c p;^A? 

But this means that for every i 
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-i 



hence that 



/ G {p V em )- l C m . 

Because of equation |(10.10)| this implies that / G U. As claimed, we have 
proved that U' C U. q.e.d. 



This is the end of the proof of proposition |( 10. 1 )| We can now draw the 
consequences which are needed. 

(10.15) Lemma. Let $ be a NKC- category. Let Y be a $ -family, Z a $-set 
and h: Z x S 1 ™ -1 — > Y a $-map, with n > 1. If X is a family obtained as a 
push-out 



Z x S 



Z xD r 



n-l 



X 



x 



then the following diagram 



z v x S n-i = ( Z x S n-y J± 



V 



Z v x D n 



Y 



[Z x D n ) v ^+X v 



is a push-out, and Y has the N -neighborhood extension property in X . 



Proof. By lemma |(9.2)| and proposition |(10.1)| if Z is a $-set the pair [Z x 
D n , Z x S* 1 - 1 ) is a NNEP-pair. Hence, by lemma [(Oj] and lemma \{9A)\ 
X v is the push-out of (Z x D n ) v and Y v and Y has the N -neighborhood 
extension property in X. q.e.d. 

(10.16) Corollary. Let (X,D) be a relative ^-complex where $ is a NKC- 
category. Let $ : Z n x D n ^ X be its characteristic map of n- cells and let 
h n denote the n-attaching map of X, i.e. the restriction of $ to Z n x S 11 ^ 1 . 
For every n > 1 and every V G $ £/ie diagram 



n— 1 



x s 



x £> r 



n-l 



{Z n X D r 



zs a push-out (in Top/ Moreover, 



X 



v 



lim X. 



V 
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Proof. The first part is a direct consequence of lemma |(10.15)| Then, by 
applying |(9.6)| we obtain that (X,X n ) is a NNEP-pair for every n and that 
X v = \im n ^ OQ X v . q.e.d. 

(10.17) Corollary. Let (X,D) be a relative ^-complex (or a $-CW-pair) 
with $ NKC. Then (X, D) is a NNEP-pair. 

(10.18) Corollary. Let $ be NKC. Let (M, A) be a $-CW-pair, Y a $ -family 
and h: A — > Y a $-map. If X is the push-out X = M Uh Y then (X, Y) is a 
NNEP-pair. 

Proof. By corolla ry |(10.17)| (M, A) is a NNEP-pair, hence by lemma |(9.3)| 
and lemma [(9~4)1 (X, Y) is a NNEP-pair. q.e.d. 

11 Examples of NKC categories 

(11.1) Proposition. If the fibre functor F is faithful and the Horn-sets 
liom^fV, W) are compact spaces then $ is a NKC category. 

The proof of the previous proposition is simple. The interesting fact is 
that there are NKC structure categories with non-compact hom-sets, as a 
consequence of the following proposition. 

(11.2) Proposition. If $ is a closed subcategory of the category Vect of 
finitely dimensional W-vector spaces and linear maps, then $ has the NKC 
property. 

Proof. See [I], lemma (4.2). q.e.d. 

This result yields the principal stratified bundle associated to a ^-stratified 
vector bundle. 
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